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NOTE: The exam paper has 3 sections on 8 pages, with a full score of 100 marks.

SECTION A — MULTIPLE CHOICE QUESTIONS

In each question, choose at most one option.

Write your answers on the Answer Book provided.

This section is worth a total of 15 marks, with each question worth 3 marks.

1. Evaluate the triple integral

I =

Z 2

0
dr

Z ⇡
2

0
d�

Z ⇡
2

0
d✓ r2 sin�.

(a) 0; (b) 16⇡
3 ; (c) 8⇡

3 ; (d) 4⇡
3 .

2. For an original photo

the low pass filtered result of Fourier transform is below.
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3. Consider a triple integral given in the rectangular coordinates (x, y, z),

I =

ZZZ

⌦

f (x, y, z) dxdydz,

where the integration ⌦ is the upper half-ball,

⌦ =
�
(x, y, z)

�� x2 + y2 + z2  4, z � 0
 
.

Now let us change the coordinates to the cylindrical coordinate system, (⇢, ✓, z). If the following

illustration demonstrates a type of integration strategy,

then determine which of the items below describes integration strategy?

(a)
R
d⇢

R
d✓

R
dz f

(b)
R
d✓

R
dz

R
d⇢ f

(c)
R
dz

R
d⇢

R
d✓ f

(d)
R
d⇢

R
dz

R
d✓ f
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4. A triple integral over a region ⌦ is defined as

I =

ZZZ

⌦

f(x, y, z)dv = lim
vi!0

nX

i=1

f (x
i

, y
i

, z
i

)�v
i

,

where {�v1, · · · ,�v
i

, · · · ,�v
n

} is a partition of ⌦, with i = 1, · · · , n, and (x
i

, y
i

, z
i

) 2 �v
i

.

Which of the following statements is/are CORRECT?

(a) The partition of ⌦, {�v1, · · · ,�v
i

, · · · ,�v
n

}, is arbitrary. A necessary condition for the

integral I to exist is the limitation behavior: �v
i

! 0, 8i = 1, · · · , n.

(b) For this definition of integration there exists a requirement that all the small regions in the

partition must be equal to each other, and equal to a standard element �v; i.e., �v1 = · · · =

�v
i

= · · · = �v
n

= �v, and the standard �v goes to 0 in the limitation behavior.

(c) The integral I is well defined (i.e., having a finite value), even if the integrand f(x, y, z) is

unbounded at finite points within the region ⌦.

(d) The integral I must be well defined (i.e., having a finite value), even if the region ⌦ contains

infinitely many singular points.

5. For the Dirac �-function, if !0 6= 0, compute the integral

Z 1

�1
cos (!t) � (! � !0) d! = , 8t 2 R.

(a) 0; (b) 1; (c) cos (!0t); (d) e

it+e

�it

2 .
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SECTION B — GAP-FILLING QUESTIONS

Write your answers on the Answer Book provided.

This section is worth a total of 24 marks, with each question worth 4 marks.

6. Evaluate the integral

I =

Z +1

0
dx e�4x2

= .

7. Compute the integral

Z
⇡

�⇡

sin
⇣
3x+

⇡

4

⌘
sin

⇣
4x+

⇡

3

⌘
dx = .

8. The solution to the following equation is ,

ez = 3 + 3i, z 2 C.

9. Convert the following integral from the Cartesian coordinates (x, y) to the polar coordinates (⇢, ✓):

I =

ZZ

D

x2dxdy =

with D =
�
(x, y)|x2 + y2  4

 
. (*No need to calculate the value of the integral.)

Page 4 of 8



Version: Final Exam (Semester 2, Year 2022–2023)

BDIC1043J Advanced Mathematics (Module 4; Finance)

10. Evaluate the integral

I =

ZZ

D

exd� = ,

where D is a region enclosed by three lines

y = 1, y = 2x, y = 4x.

11. Consider a four-dimensional integral in rectangular (Rt) coordinates (x, y, z, w),

I =

ZZZZ

⌦

f(x, y, z, w)dv, where the volume element dv = dxdydzdw.

Let us change the coordinates to be the four-dimensional spherical coordinates (r, ⇠,�, ✓):

8
>>>>><

>>>>>:

x = [(r sin ⇠) sin�] cos ✓,

y = [(r sin ⇠) sin�] sin ✓,

z = (r sin ⇠) cos�,

w = r cos ⇠,

where r is the radial coordinate, and ⇠, � and ✓ are angular coordinates. Thus the integral I can

be rewritten in the spherical coordinates as

I =

ZZZZ

⌦

f (r, ⇠,�, ✓) dv, where the volume element dv = .
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SECTION C — EXTENDED ANSWER QUESTIONS

Write your answers on the Answer Book provided.

This section is worth a total of 61 marks. The marks of each question are as shown.

12. (5 marks) Evaluate the integral

I =

Z 1

0
dy

Z 1

y

dx e�x

2
= .

13. (6 marks) Use the exponential powers of sin ✓ and cos ✓ to expand sin 5✓ = .

14. (7 marks) Consider a polynomial equation

p (z) = 4z5 � 20z4 + 38z3 � 28z2 + 10z = 0, z 2 C.

If z1 = (2 + i) is known to be a root, then try to find the other root(s) of the equation.

15. (8 marks) Let z be a complex number in the complex plane C. For every expression in (a)–(c)

below, draw a figure to illustrate the corresponding domain of z.

(a)

⇢
z 2 C

���� Im z > Re z

�
, Re z — real part of z, Im z — imaginary part of z.

(b)

⇢
z 2 C

���� |z + 1 + i|+ |z � 1� i| < 6

�
.

(c)

⇢
z 2 C

����zz̄ � 4

�
.
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16. (11 marks) Consider a triple integral

I =

ZZZ

⌦

z dxdydz,

where ⌦ is the region enclosed by z = x2 + y2 and z = 4.

Change to the coordinate system (⇢, ✓, z), and then use the

following two strategies to compute the integral:

(a) “
R
dz

R
d✓

R
d⇢ ”; (b) “

R
d⇢

R
dz

R
d✓ ”.

17. (11 marks) Consider a triple integral

I =

ZZZ

⌦

z dxdydz,

where ⌦ is the region enclosed by the sphere centered at P (0, 0, 1), with radius 1,

x2 + y2 + (z � 1)2 = 1,

Compute the integral,

(a) in terms of a spherical coordinate system (r,�, ✓), with the origin residing at O (0, 0, 0).

(b) in terms of another spherical coordinate system (r,�, ✓), with the origin residing at P (0, 0, 1).
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18. (13 marks) (From Fourier series to Fourier transform)

The Fourier series for a periodic function is given by

f(x) = A0 +

1X

n=1

A
n

cos(nx) +

1X

n=1

B
n

sin(nx), x = !t, ! =
2⇡

T
, (1)

where

A0 =
1

2⇡

Z
⇡

�⇡

f(x)dx, A
n

=
1

⇡

Z
⇡

�⇡

f(x) cos(nx)dx,

B
n

=
1

⇡

Z
⇡

�⇡

f(x) sin(nx)dx. (2)

The Fourier transform for an aperiodic function is given by

f(t) =
1

2⇡

Z 1

�1
G(!)ei!td!, (3)

with

G(!) =

Z 1

�1
f(t)e�i!tdt. (4)

Give the complete derivation procedure which generalizes the periodic case of Fourier series,

eqs.(1)–(2), to the aperiodic case of Fourier transform, eqs.(3)–(4).
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Glossary 

 Angular T-6�E 
Aperiodic function [�8�4 
Arbitrary 
1E 
Blocking �� 
Cartesian coordinates FT�<�L�*�< 
Complete derivation procedure &53(WI 
Complex plane !,\ 
Cylindrical coordinate system ;�<N 
Domain '�  
Enclose �� 
Exponential power +>E 
Fourier series 
K�O4 
Fourier transform 
K��2 
Illustration �G 
Infinitely many 7J"� 
Integrand RH�4 
Integration strategy H�MD 
Limitation behavior :ZQ� 
Low-pass filter �XW? 
Necessary condition 0S9	 
Origin �<N�@ 
Original photo �%�A 
Partition �� 
Periodic function �8�4 
Polar coordinates :�< 
Polynomial equation "].6I 
Radial  U�E�V)6�E 
Rectangular coordinates FT�< 
Root �6IE�= 
Singular point #@ 
Slicing �A 
Spherical coordinate system B�<N 
Standard element <�H�/� 
Stripping �9 
Triple integral �YH� 
Unbounded 7C 
Upper half-ball ��B 
Volume element �H� 
Well defined P$'�E 


