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NOTE: The exam paper has 3 sections on 8 pages, with a full score of 100 marks.

SECTION A — MULTIPLE CHOICE QUESTIONS

In each question, choose at most one option.
Write your answers on the Answer Book provided.

This section is worth a total of 15 marks, with each question worth 3 marks.

1. Evaluate the triple integral

I B
I:/ d'r/ d(/)/ df r= sin ¢.
0 0 0

(a) 0 (b) 1=, (©) 5 (@) %.

2. For an original photo
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3. Consider a triple integral given in the rectangular coordinates (z,v, 2),

I= ///f(x,y, z) dzdydz,
Q

where the integration € is the upper half-ball,
Q= {(:L",y,z)‘ 22+ y? + 22 <4, 220}.

Now let us change the coordinates to the cylindrical coordinate system, (p, 6, z). If the following

illustration demonstrates a type of integration strategy,

____________

____2 e )
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i i | i

i i | tro

o = S

Slicing Stripping Blocking

then determine which of the items below describes integration strategy?

a) [dp[de [dz f

b) [d6 [dz [dp f

(a)
(b)
)
)

(¢) [dz [dp[db f
(@ [ap[d a0 g
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4. A triple integral over a region € is defined as
n
_[ = /// f(xa yvz)d'l) = 1}21_)In021f (Cl?i,yi, Zi) Avi7
Q i=

where {Avy, -+, Av;, -+, Av,} is a partition of Q, with i = 1,--- | n, and (z;,y;, z;) € Av;.

Which of the following statements is/are CORRECT?

(a) The partition of Q, {Avy, -, Av;, -+, Avy,}, is arbitrary. A necessary condition for the

integral I to exist is the limitation behavior: Av; — 0, Vi=1,--- ,n.

(b) For this definition of integration there exists a requirement that all the small regions in the
partition must be equal to each other, and equal to a standard element Av; i.e., Avy =--- =

Av; = --- = Av, = Av, and the standard Av goes to 0 in the limitation behavior.

(¢) The integral I is well defined (i.e., having a finite value), even if the integrand f(x,y,z) is

unbounded at finite points within the region €.

(d) The integral I must be well defined (i.e., having a finite value), even if the region Q contains

infinitely many singular points.

5. For the Dirac §-function, if wy # 0, compute the integral

/ cos (wt) 6 (w — wp) dw = , vVt e R.

—00

(a) 0; (b) 1; (c) cos (wot); (d) e
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SECTION B — GAP-FILLING QUESTIONS

Write your answers on the Answer Book provided.

This section is worth a total of 24 marks, with each question worth 4 marks.

6. Evaluate the integral

+o00 5
I:/ dz e™4" =
0

7. Compute the integral

/7T sin (3:1:—1— %) sin (4:c+ g) dz =

—T

8. The solution to the following equation is ,

e =3+ 3i, z € C.

9. Convert the following integral from the Cartesian coordinates (z,y) to the polar coordinates (p, 0):

1= //deazdy:
D

with D = {(z,y)|2? + y* < 4}. (*No need to calculate the value of the integral.)
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I—//exda— ,
D

where D is a region enclosed by three lines

10. Evaluate the integral

11. Consider a four-dimensional integral in rectangular (Rt) coordinates (z,y, z, w),

I= //// f(z,y, z,w)dv, where the volume element dv = dzdydzdw.
Q

Let us change the coordinates to be the four-dimensional spherical coordinates (r,&, ¢,0):

x = [(rsin&)sin¢]cosé,
y = [(rsiné)sin¢]siné,
z = (rsin)cos g,

w = rcosé,

where r is the radial coordinate, and £, ¢ and 6 are angular coordinates. Thus the integral I can

be rewritten in the spherical coordinates as

I'= ////f (r,&,¢,0)dv, where the volume element dv =
Q
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SECTION C — EXTENDED ANSWER QUESTIONS

Write your answers on the Answer Book provided.

This section is worth a total of 61 marks. The marks of each question are as shown.

(5 marks) Evaluate the integral

1 1 )
I:/ dy/ dz e™ =
0 y

(6 marks) Use the exponential powers of sinf and cos6 to expand sin50 =

(7 marks) Consider a polynomial equation
p(2) = 42° — 202" + 3823 — 282% 4+ 102 = 0, z€C.

If z; = (2 +1) is known to be a root, then try to find the other root(s) of the equation.

(8 marks) Let z be a complex number in the complex plane C. For every expression in (a)—(c)

below, draw a figure to illustrate the corresponding domain of z.

(a) {z € C|Imz > Re z}, Re z — real part of z, Im z — imaginary part of z.

(b) {zE(C |z+1+i\+]z—1—i|<6}.

(c) {zeszz4}.
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16. (11 marks) Consider a triple integral

Iz///z dzdydz,
Q

where ) is the region enclosed by z = 22 + %2 and z = 4.
Change to the coordinate system (p, 6, z), and then use the

following two strategies to compute the integral:

(a) « [dz [ d0 [dp 7 (b) “ [dp [dz [do ™.

17. (11 marks) Consider a triple integral

Iz///z dzdydz,
Q

where ) is the region enclosed by the sphere centered at P (0,0,1), with radius 1,
P4yt (z-1)7%=1,
Compute the integral,

(a) in terms of a spherical coordinate system (r, ¢, 6), with the origin residing at O (0,0, 0).

(b) in terms of another spherical coordinate system (r, ¢, 8), with the origin residing at P (0,0, 1).

(b)
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18. (13 marks) (From Fourier series to Fourier transform)

The Fourier series for a periodic function is given by

= n n i ) = t7 = T 1
f(z) AO+;A cos(n:c)—I—nZ::lB sin(nx) T=w w= (1)
where
1 " 1 (7
Ay = o= f(z)dz, A, = / f(z) cos(nz)dex,
2 — T J—n
1 s
B, = — f(z)sin(nz)dz. (2)
™ —Tr
The Fourier transform for an aperiodic function is given by
=5 [ G @
= — w)e dw
27 J_ oo ’

with

G(w) = / h f(t)e ™tat. (4)

Give the complete derivation procedure which generalizes the periodic case of Fourier series,

eqgs.(1)—(2), to the aperiodic case of Fourier transform, eqs.(3)—(4).
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