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Version: Midterm Exam (Semester 1, Year 2015-2016)

Linear Algebra
SECTION A — MULTIPLE CHOICE QUESTIONS

In each question, choose at most one option.
Circle the preferred choice on the Examination Book provided.
This section is worth a total of 60 marks, with each question worth 4 marks.

1. Let A and B be two sets,
A={ala=n*+1, neN}, B={bb=k*—4k+5, keN},

where N denotes the set of natural numbers, N = {1,2,3,---}. Then which statement below about

the relationship between A and B is correct?
(a) ANB=g; (b) AUB = @; (c) AC B; (d) ADB.
Solution: Since k? — 4k +5 = (k — 2)2 + 1, where £k — 2 = 0 is permitted, we have A C B.

Hence (C).

n
2. Evaluate the sum Y ar?*, where a = 3 and r = 2.

k=0
(a) 3 (27! —1); (b) 47+l —1; (c) 315257, (d) —1.
Solution:
- 2k - 2k 1 - (TQ)HH 1— 4+t +1
. _ — _ n
kz_:oar —akz_or =a - =3 14 =4 — 1.
Hence (B).
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Linear Algebra

3. Determine the relative positions of the following two planes:

1: 3x4+9y+62—-3=0, Yo 2x+6y+42—9=0.
They are
(a) parallel; (b) intersecting; (c) coincident (HEE) ; (d) perpendicular.
Solution:
9
1 x+3y+2z2—-1=0, Ezzx+3y+2z—520, parallel.
Hence (A).

4. Determine the relative positions of the following line and plane:

-3 4
x2 :L;r = 2, Yidr—y—z=1.

Which statement is correct?

(a) L is perpendicular to ¥;

(b) L lies within ¥;

(c) L obliquely (fHiFH) intersects with ¥;

(d) L is parallel to X.

Solution: The direction of £ is (2,7,1), and the normal direction of ¥ is (4,—1,—1) which is

perpendicular to (2,7,1). So L is parallel to X.

Hence (D).
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Linear Algebra

5. Given

a=1i-—]j, b=—j+k, a-c=2, b-c= -1,
evaluate a X b x c.
(a) i—3j+ 2k; (b) —i+ 3j — 2k; (c)i+3j—2k; (d) —i—3j+ 2k.
Solution:

axbxc = (a-¢c)b—(b-c)a=2(—j+k)—(-1)(i—-})

= —2j+2k+i-j=i-3j+2k

Hence (A).

6. For the equation
ar +by+cz+d=0 withb=0 and a,c,d#0,
which of the following statements about this equation is true?
(a) Tt describes a plane perpendicular to the zy-plane, and passing through the origin (i) .
(b) It describes a plane parallel to the y axis.
(c) It describes a line parallel to the z-axis.
(d) It describes a plane parallel to the x and z axes, and not passing through the origin.

Solution: Since b = 0 and a,c,d # 0, this describes a plane perpendicular to the zz-plane (or

equivalently, parallel to the y-axis), but not passing through the origin.

Hence (B).

Page 4 of 15



Version: Midterm Exam (Semester 1, Year 2015-2016)

Linear Algebra

7. Let a = 2i — 2j and b = 3j + k be two vectors. Find a unit vector perpendicular to both a and b.

() A Gri=3k:  (b)2(+i-3K; (0 =(-j-3k: (@) -2(-j—3K).
Solution:
i j k
axb=|92 _9 o |=-2(@{+j-3k).
0 3 1

Thus the required unit vector is i\/% (i+j—3k).

Hence (A).

8. Let a= —5i+ aj and b =i — 5j be two vectors, with « being a nonzero real number. If a and b

are parallel, determine the value of «.

(a) 25; (b) 1; (c) 0; (d) 10.
Solution:
5=t
a=tbh= —bi+aj=t({i->5j) = , le., a=25.
o= —5t
Hence (A).
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Linear Algebra

9. Let HABCD be a parallelogram with two adjacent edges represented by two vectors a and b, i.e.,

BC = a, BA =b. Suppose |a|] = 2 and |b| = 5. Evaluate the inner product BD - AC.

A D

(a) 29; (b) 0; (c) —21, (d) 21.

Solution:

BD-AC =(a+b) (a—b)=la2— b2 =22 — 52 = —21.

Hence (C).

10. Given a-b =10, |a| =5 and |b| = 3. Evaluate |a x b].
(a) 3v/3; (b) 5v/5; (c) 15; (d) 125.

Solution:

laxb| = |a||b||sinf| = |a||b| V1 —cos?0 = \/|al|2 Ib]? — |a|? [b|? cos2 0
— JJal?bl? — Ja- b2 = V152 — 102 = 55.

Hence (B).

11. Let AABC be a triangle in 3 dimensions, where the vertices are A (3,2, 1), B (7,5,2) and C (6, 3,5).

Find the area of AABC.

—
)
~—
=
—~
o]
~—
W
ﬁ
b

(a) 3v/35; (b) 19;
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Solution: Noticing ﬁ =4i+ 3j+ k and ﬁ = 3i+ j + 4k, we have

i j k
1 1 1 1 3
Area = ‘,ﬁ x A?*‘ =34 3 1 |=511i-13 -5kl = 2112+ 18 + 52 = SV,
3 1 4
Hence (D).
Let £ be a line in 3 dimensions, L : “"32;2 = y_;; = 3'53. Which of the following equations is an
equivalent expression for L7
T =2+ 2t,
(a) ¢ y=—2+T7¢ (b) 22 — 2y + 3z = —19; (c) r =9j — 6k + t (2i — 2j + 3k);
z =343t

(d) 2i—2j+3Kk) [(x—2)i-(y—T)j+(z+3)k =0.

Solution: (B) and (D) are equations of planes. (A) has wrong data for the coefficients of t: (2,7,3) #

(2,-2,3). For (C),

r=  242=042(t+1)=0+2t
y= T-2=9-2(t+1)=9-2¢
2= —343t=-6+3(t+1)=—6+3t

Hence (C).

13. Let w =i+ 2j — 2k and v =i+ 3k. Find the component of w orthogonal to v.

(a) —3 (i+3k); (b) 6i + 2j + 13k; (c) 3i+2j— ik; (d) =5 (i + 3k).
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Linear Algebra

Solution: With ¥ = 110 (i+ 3k), we have

=

W (W)Y = (42— 2K) — — [(i+ 2§ — 2K) - (i + 3K)] (i + 3K)

10
. . 1, 3. .1
= (1+23—2k)+§(1+3k):§1+2_]—§k

Hence (C).

. Let ¥ be a plane, containing three non-collinear points A, B and C:
A(1,-1,2), B(0,-1,-1), C(-1,1,0).

Find the equation of the plane 3.

(a) z+y—2+3=0; (b) —z+y—2—-3=0;

(c) 2e+3y—22+1=0; (d)3z+2y—2+1=0.

Solution: Let A be rg, then

z—1 y+1 =z-2 z—1 y+1 z—-2
0—1 —1+41 —1-2]|=| -1 0 -3 |=06x+4y—224+2=0,
-1-1 1+1 0—-2 -2 2 -2
ie.,
3xr+2y—z+1=0.
Hence (D).
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Linear Algebra
15. Consider three vectors in 3 dimensions:
a=1i-j+2k, a=2i+j—2k, a=i+p8j—k
If they are linearly dependent, determine the value of the constant .

(a) 0; (b) 3; (c) 2; (d) There is no appropriate evaluation for f.

1 -1 2
2 1 -2 =6ﬁ—3=6(ﬁ—;>
1 B -1

If we ask the determinant is 0, there is g = %

Hence (B).
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Linear Algebra

SECTION B — EXTENDED ANSWER QUESTIONS

Write your answers on the Examination Book provided.
This section is worth a total of 40 marks. The marks of each question is as shown.

16. (6 marks) Prove the following formula by means of mathematical induction (E(ZJHZ4%) -

1
12+22+32+---+n2:6n(n+1)(2n+1), neN, n>1

Solution:

Step 0: The question is re-stated as
n
o 1
Zz = 6n(n+1)(2n—|—1).
i=1
Step 1: For n = 1, the statement is true:
1
1:6X1X(1+1)(2X1+1)'

Step 2: Suppose the statement is true for n = k, i.e.,

k

1
it = Ghk+1) 2k +1).
=1

Step 3: We need to prove the statement is true for n = k + 1, i.e.,

k+1 1
Zz’2=6(k+1)(k:+2)(2k+3).
=1
Proof:
k+1 k oo 1
o2 = > i (k+1)? " :yp°6k(k+1)(2k+1)+(k+1)2
=1 =1
1 1 1
= 6(k+1)[kz(2k+1)+6(k—|—1)]:6(k+1)[2k2+7k+6]:6(k+1)(k+2)(2k+3).
Done.
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Linear Algebra

17. (6 marks) Let ¥; and X3 be two planes in 3 dimensions,
X1: 2x4+y+2z2=23, Yo x+y—z=2.

Find a plane which contains the point P (1,0,2) and is perpendicular to both ¥; and X,.
Solution:

Let the plane we want be . The normal directions of ¥; and X9 are, respectively, a = (2,1,1)

and b = (1,1, —1). Their cross product will give the normal direction of 3:

i j k
axb=|92 1 1 |=-2i+3j+k.
11 -1

Hence, together with the given point P (1,0,2), we have the equation of the plane X:

—2(x—-1)4+3y+(z2—2)=0, ie., —2x+3y+2z=0.
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Linear Algebra

18. (8 marks) Consider three vectors
a= i -2j +k,
b= 3i +j -2k,
c= b5i +4j -5k.
(a) Are they linearly dependent or independent?
(b) If they are linearly independent, try to compute the scalar triple product of a, b and c;

if linearly dependent, try to express c¢ in terms of a and b.

Solution:

(a) Method 1: | 3 1 —2 | =0, hence a, b and c are linearly dependent.

5 4 =5
Method 2: Let Aja+ Aob 4+ A3c =0, i.e.,

MA-2+k)+ X Bi+j—2k)+A3(5i+4j—5k) = 0, (1)
ie., (A +3A+5X3) i+ (—2A1 + A +4X3)j+ (M1 —2X2 —BA3) k = 0.
Thus
A +3X2+5X3 =0,
—2M\1 + A2 +4X3 =0,

A1 —2X =53 =0.

This array of equations has a solution

A1 1
A2 =1 -2 ) teR (2)
A3 1

Hence the vectors a, b and c are linearly dependent.
(b) Substituting (2) into (1) we have

a—2b+c=0, ie., c=—a+ 2b.
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Linear Algebra

19. (10 marks) Consider a circle centered at the point O, with radius 1. Let AB be a diameter.

Consider an arbitrary point (fEE i) P on the circle. Denote the vector OP to be a, and OB to

be b, and denote ZBOP as Za, and ZBAP as /0.

(a) Use a and b to express cos a.

(b) Use a and b to express cos .

(¢) Try to prove the following relation in terms of the results

of (a) and (b):

Lo =2/0.

Solution:

(a) Noticing |a] = |b| = 1, we have

a-b

=a- b,
El

Cosx =

AP.AB  (a+b)-(2b) a-b+ b2 a-btl

cosf) = ‘,ﬁ) ‘ﬂﬂ " Ja+b|[2b]  Ja+b|b] |a+b|

a-b—|—1)2_ B (a-b)2+1—|—2(a‘b)_1
1 2

= —— |2(a-b)"+2+4(a-b)—(a+b)-(a+b
aip? 2@ (a-b)~(a+b) (a+b)

2c0s20 -1 = 2<

where |a+b[> =2+ 2(a-b), and
2(a-b)?+2+4(a-b)—(a+b)-(a+b)

= 2(a-b)*+2+4(a-b)—(2+2a-b)=2(a-b)*+2(a-b).

Hence
2c0s20 — 1= 2(a-b)2+2(a-b) =a-b =cosq,
2+2(a-b)
therefore,
La=2/0.
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20. (10 marks) Let ¥ be a plane in 3 dimensions, and P a point outside X,
Y:2x—y—2+2=0, P (1,0,1).

Find the symmetric point of P about the plane X.

Solution 1:
Suppose the mirror point of P is P’ (z,y, z). Then:
—
(i) PP’ should be parallel to the normal vector of ¥, i.e., v =(2,—1,—1);
(ii) The mid-point between P and P’ should be on the plane X.
Hence we have

r—1 =2t

Linear Algebra

z+1 y+0 z+1
e () () () e

z—1 =—t

ie.,
z=1+2¢,
y = —t,
z=1-—t,
2 —y—2+4+5=0.

The solution to this coupled set of equations is ¢t = —1, hence

r=-1, y=1, 2 =2, ie., (z,y,2)
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Linear Algebra

Solution 2:

The normal direction of ¥ is v = 4 (2, —1,—1). Let Q (o, y0, 20) be an arbitrary point on ¥. Then

the distance between P and X is computed as
(2i-j-k

d = ‘1@'0‘: /6

(2 (a0 — 1) (20— 1) = —= |2 1= —|-2-1]
E— To — — — |20 — = —_— Tro — — Z0 — = — |— —_ = —.
NG 0 Yo 0 /6 0~ %0 0 /6 B

[(xo — 1) i+ yoj + (20 — 1) K] -

S

Now, letting the required mirror point of P be P’ (x,y, 2), we should have

—
(a) PP’ =tv, that is

S | 3)
(b) d= ‘1752.0,1.&,
= B e -+ - M
_ \}6\2(17—930)—(3/—90)—(2—20)’
- jéuzx—y—@—(zwo—yo—zo)r—16|2a:—y—z+2r,

ie, |2z —y—2+2|=3.
Case I: 2z —y — 2z + 2 = 3. This case is just the original point (1,0,1). Hence abandoned.

Case II: 22 —y — 2z + 2 = —3. This equation can be coupled to the above (3):
20 —y — 2+ 2= -3, z—1= -2y, y=2z—1,
whose solution is (z,y, z) = (—1,1,2). Therefore, the mirror point is

P =(-1,1,2).
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Linear Algebra
EXAMINATION BOOK

Pledger: Class NO:
BJUT Student ID: UCD Student ID:
SECTION A

Circle the preferred answer.

If you make a mistake, mark a cross through your wrong choice and circle your next alternative.

1 a b c d
2 a b c d
3 a b c d
4 a b c d
5 a b c d
6 a b c d
7 a b c d
8 a b c d
9 a b c d
10 a b c d
11. a b c d
12. a b ¢ d
13. a b c d
14. a b c d

15. a b c d



