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NOTE: The exam paper has 3 sections on 9 pages, with a full score of 100 marks.

SECTION A — MULTIPLE CHOICE QUESTIONS

In each question, choose at most one option.
Write your answers on the Answer Book provided.
This section is worth a total of 18 marks, with each question worth 3 marks.

1. Consider a triple integral given in the rectangular coordinates (x,y, z),

I= ///f(a:,y, z) dzdydz,
Q

where the integration €2 is the upper half-ball,
Q= {(w,y,z)‘ 22 +y? 4 22 < 4, z>0}.

Now let us change the coordinates to the cylindrical coordinate system, (p,8,z). If the following

illustration demonstrates a type of integration strategy,
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then determine which of the items below describes integration strategy?

(a) [dz[pdp [dO f; (b) [dO[dz[pdp f; (c) [pdp [dE [dz f; (d) [pdp [dz[d6 f.
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2. A triple integral over a region (2 is defined as
n
= / / / f(z,y, 2)dv = vlilino; F (.5, 2) Avi,
Q i=

where {Avy, -+, Av;, -+, Avy,} is a partition of Q, with ¢ = 1,---  n, and (z;,y;, z;) € Av;.
Which of the following statements is/are CORRECT?

(a) The partition of Q, {Avy, -, Av;, -+, Av,}, is arbitrary. A necessary condition for the

integral I to exist is the limitation behavior: Av; —» 0, Vi=1,--- ,n.

(b) For this definition of integration there exists a requirement that all the small regions in the
partition must be equal to each other, and equal to a standard element Awv;ie., Avy =--- =

Av; = --- = Av, = Av, and the standard Av goes to 0 in the limitation behavior.

(¢) The integral I is well defined (i.e., having a finite value), even if the integrand f(x,y, z) is

unbounded at finite points within the region €.

(d) The integral I must be well defined (i.e., having a finite value), even if the region {2 contains

infinitely many singular points.

3. For the Dirac d-function below, compute the integral

oo

/ sin (wt) § (w — 2) dw = , vVt € R.

—00
it it i2t _o—i2t

. _ i2t —i2t
(a) 2costsint; (b) “5—; (c) (d) €2
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4. (Optical Fourier Transform) Let us consider the following converging lens system, where some

particular frequency signals are filtered off from the frequency spectrum as shown.

Optical Fourier transform
— Converging lens system

Question:

If

Original
Image

Your options:

-

Converging lens

Original w Output
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Low-frequency signals are filtered off

Output
Image
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5. Consider two complex numbers z, w € C which are described by the following illustrations.

Imz

///1

—1

v/

Imw
- o N
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- \
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: = 7
, | / Rew
7 1
’ I
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Rez —i :' ——————— o
\\ .

Complex number z

Complex number w

Which item of mathematical expressions below for z and w is CORRECT?

Imz > Rez—l—l}

Imz < Rez—i—l}

Rez < Imz—i—l}

6. The solution to the following equation is

(a) 13v2 ({5 + k%),
(b) 3V2+i({5+kF),
(c) IDB\@—i—i(l—%—l—kﬁ%),

ln3\/§+i(%+2/€7r),

p—2ywz—1+ﬂ<4} and

and

{wEC

and weC

\w—2hﬂw—1+q<4}

lw—2|—|w—-1+i| <4

{w € C|Rew <Imw+1}.
and {wé@kw—ﬂ%ﬂw—l+ﬂ<4}
e =3+ 3i, z € C.
where k € Z.

where £ =0,1,2, 3.
where £k =0,1,2,3.

where k € Z.
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SECTION B — GAP-FILLING QUESTIONS

Write your answers on the Answer Book provided.
This section is worth a total of 28 marks, with each question worth 4 marks.

7. Evaluate the integral

+0o0 2.2
I:/ dz e = , where ¢ > 0.

—0o0

8. Convert the following double integral from the Cartesian coordinate system (z,y) to the polar

I://exdwdy: ,
D

with D is a 2-dimensional region enclosed by three lines

coordinate system (p, 6):

y:17 Yy=x, y:\/gx

(*No need to calculate the value of the integral.)

9. Convert the following triple integral from the Cartesian coordinate system (z,y, z) to the spherical

coordinate system (r, ¢, 0):
3
I= ///22 (2? + y* + 2°)? dadydz =
Q

with ) = {(w,y,z) € R3

22?4 22<4, 2> 0}. (*No need to calculate the integral value.)
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Convert the following triple integral from the spherical coordinate system (r, ¢, #) to the cylindrical

coordinate system (p, 6, z):

2 % ﬁ
I:i/ d@/‘sm¢¢#/ ridr =
0 0 0

(*No need to calculate the integral value.)

The roots of the following polynomial equation are ,

2 =141, z € C.

*Requirement: The argument of z should be kept within (—m, 7.

Consider a periodic function f(x) = cos (2x — g) with period T = 2x. If its Fourier series reads

f(z) = Ay + ZAncosn:B—l—Zaninnm,

n=1 n=1

the coefficients, Ay, A, and B, (n € Z, n > 1), are evaluated as

Compute the integral

i
I—/ <COS.%'COS2(IZ+COSQJJCOS3$+----l-COSQ.%'COS101‘+COSIO.’L‘COS.’L‘>dx—

—T
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SECTION C — EXTENDED ANSWER QUESTIONS

Write your answers on the Answer Book provided.
This section is worth a total of 54 marks. The marks of each question are as shown.

14. (7 marks)

Consider a cardioid curve in two dimensions as shown,
p
described by the equation in polar coordinates, / (.0)
N0

p=cosf + 1.

Try to compute the area enclosed by this curve.

15. (11 marks) Consider a region €2 formed by two spheres as shown: (a) stereo view; (b) side view.

Q) is the region outside the small sphere but inside the large sphere, where

large sphere (radius R = 2) : 2?4+ 22 =4

small sphere (radius r = 1) : 22+ y2 +(z+ 1)2 =1.

(a) Stereo view (b) Side view

Try to compute the triple integral

I = /// (;32 +2+ 22) dzdydz.
Q
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(9 marks) Compute the integral

1 2 . 2 2 .
I :/ d:n/ dy 4y%e™Y —|—/ dl‘/ dy 4y%e™Y".
0 T 1 T

(6 marks) Use the exponential powers of sinf and cosf to express, separately,

cos 50 and sin 50.

(9 marks) Consider a polynomial equation
p(2)=2"—224+32+32+42-10=0, z € C.

If z; = (1 + 2i) is known to be a root, then try to find the other root(s) of the equation.

(12 marks) (From Fourier series to Fourier transform)

For a periodic function, the trigonometric form of its Fourier series is given by

- — . 2w
f(x) = Ag+ El Ay, cos(nz) + 51 B, sin(nz), = wt, w="7
where
Ay = L[ f(z)dx Ap = 1/7T f(z) cos(nz)dx
0 - 271' _ﬂ. bl n — T . 5
1 (7 )
B, = -— f(z) sin(nz)dz.
™ —T

For an aperiodic function, its Fourier transform is given by

flt) = 217r/_ G(w)ewtdw,

with

Glw) = /_ T )etat,

Give the complete derivation procedure which generalizes the periodic case of Fourier

egs.(1)—(2), to the aperiodic case of Fourier transform, eqgs.(3)—(4).
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