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1. (a) Compute the radius of convergence of a(x) = ZnGx”. [4]
n>1

(b) Compute the radius of convergence of b(x) = Z(—e)_’72X”. [4]
n>1

n

(c) Show that the power series c(x) =) . (sinn)-x" is absolutely convergent

for |x] <1, so that its radius of convergence is R > 1. [4]

(d) Show that there are infinitely many n for which |sinn| > 1/2 (if you need,
you can use the trigonometric formulas sin(a + ) = sin a cos B+ sin B cos a
and/or sin’x + cos?x = 1..). Conclude that sinn does not converge to 0

when n — oo. [4]
(e) Combine parts 1(c) and 1(d) to show that the radius of convergence of
2_nsolsinn) - x"is R=1. [4]

2. Decide if the following statements are True or False, and justify your claims.
(a) If a statement P(n) is true for all n > 1 except only at the single value
n =5, we can still prove it by induction from the base n = 1. [4]

(b) If a(x) = }_,s; anx" and b(x) = }_,-; b,x" are two power series that are

both divergent at x = 4, a(x) + b(x) is divergent at x = 4 too. [4]
(c) A sequence a, may have two different limits as n — oco. [4]
(d) If 8 divides the integer n?, then 8 divides n. [4]

(e) If f: R — R is not continuous at x = 0 and g : R — R is continuous, and
not the zero function (g # 0, i.e. there exists some xy such that g(xg) # 0),

then the product f(x)g(x) is never continuous at x = 0. [4]

3. Consider the function f : [0,1] — R defined by the following conditions:

f(x) = st + \/ZZJ—H —(x— 21—n)2 if x € (55, 5], for some n € NU {0}
0,

ifx=0
(a) Sketch approximately the graph of the function for x > . [5]
(b) Show that the function is continuous for all x > 0. [10]
(c) Show that the function is not differentiable everywhere in (0, 1). [5]
(BONUS) Is the function continuous at x = 0?7 [+5]

4. (a) Prove that the function:

2 1 :
x“cos (<), ix#0,

o [Feost) ixs
0, otherwise,

is differentiable everywhere, but its derivative is not continuous. [10]
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(b) Use the definition of limit of a sequence to show that the sequence a, =
1 3 . .
\/1+ 5 converges (justify all the steps). [5]

(c) You have five distinct real numbers {6y, 65, 65, 64, 65} C R. Using the pi-
geonhole principle, show that there are two distinct elements o and S in

the list such that sinasin 8 > 0 and cos acos 8 > 0. [5]
5. Consider a power series y(x) =} o anx".
(@) Write the conditions that the coefficients need to satisfy if y(x) is a solution

of the differential equation y”(x) = 2y’(x). [5]

(b) Using the proof method that you prefer, find the general expression of a, in

terms of ay for all n > 1, and write the solution as a power series. [5]

(c) Show that the solution found in part 5(b) is a power series with radius of

convergence R = +oo. [5]

(d) Describe the solution of part 5(b) it in terms of elementary functions.  [5]

—OOO—
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