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NOTE: The exam paper has 3 sections on 10 pages, with a full score of 100 marks.

SECTION A — MULTIPLE CHOICE QUESTIONS

In each question, choose at most one option.

Write your answers on the Answer Book provided.

This section is worth a total of 21 marks, with each question worth 3 marks.

1. Consider a triple integral given in the rectangular coordinates (x, y, z),

I =

ZZZ

⌦

f (x, y, z) dxdydz,

where the integration ⌦ is the upper half-ball,

⌦ =
�
(x, y, z)

�� x2 + y2 + z2  4, z � 0
 
.

Now let us change the coordinates to the cylindrical coordinate system, (⇢, ✓, z). If the following

illustration demonstrates a type of integration strategy,

then determine which of the items below describes integration strategy?

(a)
R
d⇢

R
d✓

R
dz f ; (b)

R
d✓

R
dz

R
d⇢ f ; (c)

R
dz

R
d⇢

R
d✓ f ; (d)

R
d⇢

R
dz

R
d✓ f .
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2. Evaluate the integral

I =

Z
+1

0

dx e�p

2
x

2
= , p > 0.

(a) p
p
⇡; (b) 1

2p

p
⇡; (c) 1

2p

⇡; (d) p⇡.

3. Consider two complex numbers z, w 2 C which are described by the following illustrations.

Which item of mathematical expressions below for z and w is CORRECT?

(a)

⇢
z 2 C

���� Im z < �Re z + 1

�
and

⇢
w 2 C

���� |w � 1|+ |w + 1|  4

�
.

(b)

⇢
z 2 C

���� Im z  �Re z + 1

�
and

⇢
w 2 C

���� |w � 1|� |w + 1|  4

�
.

(c)

⇢
z 2 C

���� |z � 1|+ |z + 1|  4

�
and

⇢
w 2 C

���� Imw < �Rew + 1

�
.

(d)

⇢
z 2 C

���� Im z < Re z � 1

�
and

⇢
w 2 C

���� |w � 1|+ |w + 1|  4

�
.
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4. For an original photo

the low pass filtered result of Fourier transform is below.

5. Use the exponential powers of sin ✓ and cos ✓ to expand cos 5✓ = .

(a) cos5 ✓ � 10 cos3 ✓ sin2 ✓ + 5 cos ✓ sin4 ✓;

(b) 5 cos4 ✓ sin ✓ � 10 cos2 ✓ sin3 ✓ + sin5 ✓;

(c) cos5 ✓ + 5 cos3 ✓ sin2 ✓ � 3 cos ✓ sin4 ✓;

(d) �3 cos4 ✓ sin ✓ + 5 cos2 ✓ sin3 ✓ + sin5 ✓.
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6. For the Dirac �-function below, compute the integral

Z 1

�1
cos (!t) � (! � 1) d! = , 8t 2 R.

(a) 0; (b) 1; (c) cos 2t; (d) e

it
+e

�it

2

.

7. (MATLAB) Suppose array x is defined as x = linspace(0,1,10);, then which of the following

expressions could extract even indices of the array only?

(a) y = x(1:end);

(b) y = x(1:end/2);

(c) y = x(2:2:end);

(d) y = x(2:end-1);
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SECTION B — GAP-FILLING QUESTIONS

Write your answers on the Answer Book provided.

This section is worth a total of 24 marks, with each question worth 4 marks.

8. Evaluate the integral

I =

Z
1

0

dx

Z
1

x

dy 3ye�y

3
.

9. Evaluate the integral

I =

ZZ

D

exd� = ,

where D is a region enclosed by three lines

y = 1, y = 2x, y = 4x.

10. Convert the following triple integral from the Cartesian coordinate system (x, y, z) to the spherical

coordinate system (r,�, ✓):

I =

ZZZ

⌦

z
�
x2 + y2

� 3
2 dxdydz =

with ⌦ =

⇢
(x, y, z)

����x
2 + y2 + z2  4, z � 0

�
. (*No need to calculate the value of the integral.)
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11. Consider a periodic function f(x) = sin
�
x+ ⇡

4

�
with period T = 2⇡. If its Fourier series reads

f(x) = A
0

+

1X

n=1

A
n

cosnx+

1X

n=1

B
n

sinnx,

the coe�cients, A
0

, A
n

and B
n

(n 2 Z, n � 1), can be expressed as .

12. Compute the integral

I =

Z
⇡

�⇡

✓
sinx cos 2x+ sin 2x cos 3x+ · · ·+ sin 9x cos 10x+ sin 10x cosx

◆
dx = .

13. (MATLAB) Construct the function y =
x2

x3 + 1
for values of x from 1 to 2 in steps of 0.01, and

suppress any intermediate output.

The MATLAB code reads
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SECTION C — EXTENDED ANSWER QUESTIONS

Write your answers on the Answer Book provided.

This section is worth a total of 55 marks. The marks of each question are as shown.

14. (5 marks) (MATLAB) This code is used to obtain three numbers a, b and c from a user and then

produce the results a+ b+ c, a

(b+c)(c+a)

and a

bc

.

Try to fix errors through the lines one-by-one.

a = input(’ Please enter a );

b = 1nput(’ Please enter b );

a = Input ’ Please enter c ’;

v1 = a+ B+d;

v2 = a/((b+c)(c+a);

v3 = a/b*c;

disp(’ a + b + c= ’ int2str(v1)])

disp([’v2 = ’ num2str v2 ]

disp([’v3 = num2str(v4) ])

15. (7 marks) Consider a polynomial equation

p (z) = z5 � 10z4 + 54z3 � 130z2 + 125z = 0, z 2 C.

If z
1

= (2 + i) is known to be a root, then try to find the other root(s) of the equation.
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16. (13 marks) (From Fourier series to Fourier transform)

For a periodic function, the trigonometric form of its Fourier series is given by

f(x) = A
0

+

1X

n=1

A
n

cos(nx) +

1X

n=1

B
n

sin(nx), x = !t, ! =
2⇡

T
, (1)

where

A
0

=
1

2⇡

Z
⇡

�⇡

f(x)dx, A
n

=
1

⇡

Z
⇡

�⇡

f(x) cos(nx)dx,

B
n

=
1

⇡

Z
⇡

�⇡

f(x) sin(nx)dx. (2)

For an aperiodic function, its Fourier transform is given by

f(t) =
1

2⇡

Z 1

�1
G(!)ei!td!, (3)

with

G(!) =

Z 1

�1
f(t)e�i!tdt. (4)

Give the complete derivation procedure which generalizes the periodic case of Fourier series,

eqs.(1)–(2), to the aperiodic case of Fourier transform, eqs.(3)–(4).
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17. (30 marks) As shown in Sub-figure (a) below, consider a rhombus ⇧AOBD in the xz-plane,

formed by two regular triangles 4AOB and 4ABD, with O being the origin of the coordinate

system. The segment AB lies in a line l, and the length of an edge of the triangle is, say,
��OA

�� = a.

Generalizing the coordinate system to 3 dimensions,

• as shown in Sub-figure (b). Let ⇧AOBD rotate around the z-axis to form a revolution body

⌦
revolution

. Let the trajectory of A, which is a circle, be denoted as C, with length c. The

revolution of the line l forms a cylindrical surface, denoted as ⌃.

• as shown in Sub-figure (c). Let ⇧AOBD move along the y-direction to sweep a cylindrical

body ⌦
stretching

, i.e., ⇧AOBD-⇧A0O0B0D0, with the length of a side-edge being
��AA0

�� = c, say.
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Questions:

(a) Compute the volume of ⌦
stretching

. (3 marks)

(b) Compute the volume of ⌦
revolution

, in terms of the cylindrical coordinate system, i.e., (⇢, ✓, z),

as shown in Sub-figure (d). (7 marks)

(c) Compute the volume of ⌦
revolution

, in terms of the spherical coordinate system, i.e., (r,�, ✓),

as shown in Sub-figure (e). (12 marks)

*Express your results of (a), (b) and (c) in terms of the parameter a (— [note]: c can be expressed by a).

(d) Compute the ratio between the two volumes,

⌦
revolution

: ⌦
stretching

.

What conclusion can you draw from the ratio? (1 marks)

(e) In Sub-figure (b), compute the part of ⌦
revolution

inside the cylindrical surface ⌃, denoted as

⌦
revolution-inside

. (4 marks)

(f) In Sub-figure (b), compute the part of ⌦
revolution

outside the cylindrical surface ⌃, denoted as

⌦
revolution-outside

. Then compute the ratio,

⌦
revolution-inside

: ⌦
revolution-outside

.

Which part is larger, inside or outside? (3 marks)
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 Aperiodic function S�-
) 
Array )F 
Blocking �� 
Cartesian coordinates <H�0�A�!�0 
Coefficient C) 
Complete derivation procedure �*( N? 
Cylindrical coordinate system /�0C 
Edge M 
Enclose �� 
Errors QI 
Even 
) 
Exponential power "2; 
Fourier series �@�D) 
Fourier transform �@��' 
Illustration �= 
Intermediate output �RL� 
Low-pass filter �PN6 
Origin ��0C��7 
Original photo ���8 
Periodic function �-
) 
Polynomial equation �T#+? 
Ratio 5	 
Rectangular coordinates <H�0 
Regular triangle 3�H$ 
Revolution body ,K� 
Rhombus G$ 
Root �+?;�1 
Rotate ,K 
Segment E4 
Slicing �8 
Spherical coordinate system 9�0C 
Strategy B: 
Stripping �. 
Sub-figure �� 
Suppress &��:� 
Sweep %� 
Trajectory JO 
Upper half-ball ��9 
Volume �> 


