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EEEN3003J: Signals and Systems

Question: 1

One complete period from −π ≤ t < π of the square wave signal, f(t), is given as follows:

f(t) =

−1 for − π ≤ t < 0

+1 for 0 ≤ t < π

1.1 Express this function as a complex Fourier series in the form:

f(t) =
∞∑

k=−∞

cke
jkωot

your answer should contain a complete derivation of the ck terms and give a clear definition

of ωo in the above equation. [60%]

1.2 Express the same function, f(t), as a trigonometric Fourier series in the form:

f(t) = µ+
∞∑
k=1

ak cos(kωot) + bk sin(kωot)

your answer should contain a complete derivation of the ak and bk terms, or you may, if you

want, derive these based on the ck in part 1.1 - in this case you must prove the relationship

between the trigonometric Fourier series and the complex Fourier series coefficients. [25%]

1.3 Many of the coefficients obtained in part 1.2 are zero - what general principle does this

illustrate?

(Note: If you were unable to observe this effect in part 1.2 you may still attempt this part by

saying how you’d expect the trigonometric Fourier series coefficients to be based on some

general feature of f(t)). [15%]

•
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EEEN3003J: Signals and Systems

Question: 2

If F (jω) and G(jω) is the Fourier Transform of f(t) and g(t) respectively, i.e.:

f(t)
F←−→ F (jω) and g(t)

F←−→ G(jω)

prove the following properties:

2.1 αf(t) + βg(t)
F←−→ αF (jω) + βG(jω) for any set of constants α and β [20%]

2.2 f(t− τ) F←−→ e−jτωF (jω) [10%]

2.3 f(λt)
F←−→ 1

|λ|F (j
ω
λ
) for any constant λ. Hint: be careful with the sign when doing variable

substitution (λ can be positive or negative) [10%]

2.4 If f(t) is real, then F (jω) = F ∗(−jω) [10%]

2.5 Consider the signal:

f(t) = A sin(ωot+ φ)

Derive, from first principles, the Fourier Transform of f(t). You will get 0% for just quoting the

answer as it is easily available in the ‘useful formula’ at the end of this paper! [25%]

2.6 Consider a system having Transfer Function (in the Fourier domain) of:

H(jω) =
1

1 + jω

Compute its output when the input is A sin(ωot+ φ). [25%]

•
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EEEN3003J: Signals and Systems

Question: 3

3.1 Find the partial fraction expansion of:

F (s) =
1

s(s− 1)(s+ 1)2

Don’t just give the answer - show your proof. [40%]

3.2 Hence or otherwise compute f(t) = L-1 {F (s)}. [20%]

Consider the following ODE:

d3

dt3
g(t) + 3

d2

dt2
g(t) + 4

d

dt
g(t) + 2g(t) = f(t)

3.3 What is its transfer function?

Hint: the denominator should have at least one root at s = −1; this should help to simplify

the answer. [20%]

3.4 If the forcing function f(t) for the same ODE is just the unit step, i.e. f(t) = u(t) compute the

Laplace domain function G(s). [10%]

3.5 Hence or otherwise compute the time domain function g(t).

Hint, the answer is related to part 3.1 of this question. [10%]

•
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EEEN3003J: Signals and Systems

Question: 4

4.1 The Figure below shows the open-loop response, yopen(t), of a car’s speed to an 0.001 litres/sec

step input of fuel on a flat road on a calm day (not windy).

t, [sec]0 10 20 30 40 50

Speed [m/s]

20
Target Speed

95%

Assuming a first order response:

• Estimate the parameters of the response from the graph

• Write an equation for the car’s speed, yopen(t), as a function of time.

• Give the Laplace domain transfer function (speed vs fuel) of the engine Gp(s). [20%]

Assuming an ideal speed sensor is available we’d like to use a PI controller Gc(s) in a unity

feedback arrangement to control the car’s speed:

4.2 Provide an expression for Gc(s) using standard notation. [20%]

4.3 Provide an expression for the closed loop transfer function of the whole system in terms of

the parameters of the PI controller. [20%]

4.4 What is the maximum value of ki one could use (in terms of kd) such that the system is

stable? (explain your answer and show your proofs). [20%]

4.5 Using a value of kp = 5
20000

, select a value of ki such that:

• The system is stable

• The response has no oscillations

• The response converges quicker than for any other choice of ki. [20%]

•
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EEEN3003J: Signals and Systems

Fourier Series

ck =
1

T

∫
T

f(t)ejkωotdt, , ωo =
1

T

f(t) = µ+
∞∑
k=1

ak cos(kωot) + bk sin(kωot)

ak = 2<{ck} , bk = −2={ck}

Fourier Transform

F (jω) =

∫ ∞
−∞

f(t)e−jωtdt

f(t) =
1

2π

∫ ∞
−∞

F (jω)ejωtdω

Fourier Transform Pairs

ejωot F←−→ 2πδ(ω − ωo)

u(t)
F←−→ πδ(ω) +

1

jω

Fourier Properties

f(λt)
F←−→ 1

|λ|
f
(
j
ω

a

)
f(t− τ) F←−→ e−jωτF (jω)

d

dt
f(t)

F←−→ jωF (jω)

Laplace Transform Pairs

f(t)
L←−→ F (s)

sin(at)
L←−→ a

s2 + a2

cos(at)
L←−→ s

s2 + a2

tn
L←−→ n!

sn+1

eat
L←−→ 1

s− a
δ(t)

L←−→ 1

1
L←−→ 1

s

Laplace Properties

f(at)
L←−→ 1

a
f
(
j
s

a

)
e−atf(t)

L←−→ F (s+ a)∫ t

o

f(τ)dτ
L←−→ 1

s
F (s)

d

dt
f(t)

L←−→ sf(s)− f(0)

dn

dtn
f(t)

L←−→ snF (s)−
n∑
k=1

sn−k
dk−1

dtk−1
f(t)

∣∣∣∣
t=0-

(−t)f(t) L←−→ d

ds
F (s)

Trigonometric Formula

cos(A±B) = cos(A) cos(B)∓ sin(A) sin(B)

sin(A±B) = sin(A) cos(B)± cos(A) sin(B)

ejθ = cos(θ) + j sin(θ)

Integrals∫
cos(x) = sin(x)∫
sin(x) = − cos(x)∫
udv = uv −

∫
vdu

Partial fractions

If F (s) =
N(s)∏

i(s− pi)ki
=
∑
i

{
ri,1
s− pi

+
ri,2

(s− pi)2
+ . . .

ri,ki
(s− pi)ki

}
then ri,j =

1

(ki − j)!
lim
s→pi

dki−j

dski−j
(s− pi)kiF (s)

oOo
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