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Formulas

These formulas are provided without further context.

f(t) =
∞∑

n=−∞

Cne
−j n2πt

T

Cn =
1

T

∫
−T/2

T/2f(t)e−j n2πt
T dt

F (jω) =

∫ ∞

−∞
f(t)e−jωtdt

F (s) =

∫ ∞

−∞
f(t)e−stdt

F (z) =
∞∑

n=−∞

fnz
−n

h(t) = f ∗ g =

∫ ∞

−∞
f(τ)g(t− τ)dτ

h(t) = f ∗ g ⇔ H(jω) = F (jω)G(jω)

f(t) =

{
1, if |t| < L

2

0, otherwise
⇔ F (jω) = Lsinc

(
ωL

2

)
= L

sin
(

πωL/2
2

)
πωL
2∫ ∞

−∞
|x(t)|2 =

∫ ∞

−∞
|X(jω)|2

yn =
M∑
k=0

bkxn−k −
L∑
l=1

alyn−l

N−1∑
n=0

ej
2πnk
N =

{
N, if k is an integer multiple of N
0, otherwise

cos (60◦) =
1

2

sin (60◦) =

√
3

2

The variance of a uniform random variable on ±∆/2 is ∆2/12
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Q 1

a. Consider the filter given by the following difference equation.

yn = yn−1 + xn − xn−2 (1)

Is this an IIR or an FIR filter? Justify your answer. (10 marks)

b. Calculate the transfer function of this filter. (15 marks)

c. Find the filter’s poles and zeros. Draw its pole-zero plot. (15 marks)

d. Calculate the impulse response of this filter. Comment on the result. (30 marks)

e. Sketch the amplitude response of the filter, determined by any means you care to
employ. Show your work. (15 marks)

f. This filter is to be cascaded with a second filter that has the following transfer
function.

H̃2(z) =
(z − z1)(z − z2)

(z − p1)(z − p2)
(2)

Under what conditions does the combined filter have linear phase? (15 marks)

(Total: 100 marks)

Q 2

In Fig. 1, we have an extract of a famous FFT paper in which an algorithm was introduced
for a prime length signal. Read that extract and answer the questions below.

a. Identify the equation in which Rader defines the DFT. His notation is slightly differ-
ent from that we used in class, so define all of the terms. (10 marks)

b. Write Equation 7 in matrix form for the N = 5 case, given the fact that 2 is a
primitive root of 5. (20 marks)
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Figure 1: Extract of Rader, C.M., 1968. "Discrete Fourier transforms when the number of
data samples is prime." Proceedings of the IEEE, 56(6), pp.1107-1108.
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c. A signal is sampled at 8 kHz, yielding the following samples: {0.2+ j0.2,−0.0442−
j0.0442,−0.1284− j0.1284, 0.252 + j0.252,−0.2794− j0.2794}.

i Calculate a the DFT of the signal using Rader’s algorithm and length 4 DFTs.

ii Confirm that your answer is correct by performing the same calculation with the
5-point DFT.

Show your work. (60 marks)

d. Plot the amplitude and phase of your answer. Given that the sampling period in
the signal is 8 kHz, label your axes carefully. (10 marks)

(Total: 100 marks)

Q 3

a. Define the Dirac delta function, δ(t), in terms of a limit. (15 marks)

b. State the sifting property of the Dirac delta function. (15 marks)

c. Hence or otherwise, calculate the Fourier transform of a Dirac delta function. Show
your work. (15 marks)

d. Prove the following equivalence.

δ(f) = 2πδ(ω) (3)

(15 marks)

e. Prove that the Fourier series of a Dirac delta train, δT (t), is given by the following
expression.

δT (t) =
1

T
Σ∞

n=−∞ejnωst (4)

Don’t forget to define ωs. (20 marks)
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f. Consider a signal, f(t), that is sampled by a Dirac delta train:

f̄(t) = f(t)δT (t) (5)

Calculate the spectrum of f̄(t). (20 marks)

(Total: 100 marks)

Q 4

a. Stabilise the following IIR filter by cascading it with an all-pass filter.

H̃(z) =
(z − 0.5)2

(z − 2(1 + j))(z − 2(1− j))
(6)

(30 marks)

b. Calculate the first 8 outputs of the filter given input samples, {fn} = {3
8
,− 1

4
√
2
−

j0.0518,−1
8
+ j 1

4
, 1
4
√
2
− j0.3018,−1

8
, 1
4
√
2
+ j0.3018,−1

8
− j 1

4
,− 1

4
√
2
+ j0.0518}. You can

assume that fn = 0 ∀ n < 0.
If you couldn’t answer part a, calculating the output of the filter without stabilisation is
sufficient to obtain full marks. (30 marks)

c. Use 1 stage of the radix-2 decimation-in-time FFT algorithm that we studied in
class to split an 8-point DFT into 2 x 4-point DFTs, and calculate the DFT of the filter
input. (40 marks)

(Total: 100 marks)

oOo
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