NOTE: Answer ALL questions.
Time allowed is 90 minutes.
The exam paper has 3 sections on 9 pages, with a full score of 100 marks.

You are required to use the provided Examination Book only for answers.

Section A: Multiple-Choice Questions

This section is worth a total of 50 marks, with each question worth 5 marks.

1 X0

xsins, x#0
1. /Given a function f(z) = v ,thenz =01is a with respect to f(x).

1, z=0

(A) point of continuity (B) point of removable discontinuity
(C) point of jump discontinuity (D) point of infinite discontinuity

Answer: B , the reason is liII(l) f(z)=0+# f(0)
d

Z [
2. When x — oo, which of the following is an infinity? l . o) -
A) zsinx B) zcoszx C) xsin + D) zcos i
(A) (B) (©) 5 (D) z
: i 1_ ‘ L L -
Answer: D For lim cos 3 =1 "y A=A q%v(-l) -‘ON)L)Q ) .

5o\ - A)) Xel) T - A
2 ‘o0 As-| %\ ) ) N )

¢ —
3./ Consider a curve C' : y = . How many horizontal and vertical asymptotes in total does

|z|(z + 1) 1 AHXET)
C have? ) | A=A 2 — 2 %) :"]
(a1 ma I ey e oo D) 4
’ ot
Answer: C y =1, y = —1 are horizontal asymptotes, z = —1 is a vertical asymptote.

:Lﬂl':\%dﬁl' C/

4. If In(1 + ax?) and 1 — cos x are equivalent infinitesimals when x — 0, then a =
(A) -1 (B) —3 ©) 3 (D) 1

Answer: B -~ z. _L L.

| g .
\"LHE;{ | (1t ) SOVA T 21
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5. Given
z—a  (r —a)?
which statements in the following is wrong? /
. Wse o m =5 o Pty o 14
(A) f(z) is continuous at = = a. (2 s Son - ) = :
(B) f(x) is derivable at x = a.
(C) f(a) is a local minimum value.
(D) f(a) may not an extreme value.
Answer: D AZ1JX —\ =0 nn_ =5 (xt!)
ER -knfb_:o’ ! 1
6. Let P b int on th LI R - STAT=
et P(x0,yo) be a point on the curve &j _5)‘ < Ex ; Uﬁ\) \% $ X‘f 5
C: y=2a+32> -4, }ﬁ,b:’ﬁ ;Ly:XtL
-1y %‘rg"“"

where the tangent line at P is perpendicular to a line L : x — 3y +2 = 0.

L 2 Qxy-n=d
The pomt P(z0,y0) is 4(\;% 1-‘10&‘\) Z(J Zxr) * 5 ‘l’& : j
y=-5x k) J - yne- leﬂ) %g\; (1)

13 i x{quxg\ (C)P(172)3Xj5

Answer: C

yoadt b= g He

7. For a function f(x) = sin®z, try to calculate the n—th order derivative f(z )

"" Il

+
“Hint: L {enm) = F%JE%> - \zcjrm
" n T _ 1 —cos2x 14 cos2z
T [cos(azx + b)] = a" cos(ax + b+ ng), sin?z = — cos?x = —
[t
(A) 2" L cos (2z + ) + 2273 cos (4o + ) - l - 2N A 2
(B) —2""tcos (22 + &) + 22" 3 cos (4o + ) N 4

(C) 2" tcos (2z + %) — 22" 3 cos (4o + )

2-blosax 1) $07 Y
3 s

5 GLomgx +o~9X

3

n
LD e SR bt TR
2

(D) 2"t cos (22 + ) + 4273 cos (4o + )

Answer: B
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d?y -
\/leen f () =In(x + Va? + 1), there are dy = and i . - )
X )

Version: Final Exam (Semester 1, Year 2023-2024)

(*) s B) e ————;
\/m\ NCES 2% eyl l
1 JE—
(C) de, ———; (D) —g—dz, ——y. x=

”2\*/‘/ RS iy Vil AP
Answer: C / J
R O
N

9. Which of the following statements is wrong?

(A ) If f(z) is continuous on a closed interval [a, b], and f(a)f(b) < 0, then there exists at least one
€ (a,b) such that f(¢) =0
(B) If f(x) is continuous on an open interval (a,b), then f(z) is derivable on the open interval
(a,b).
(C) If f(z) is continuous on a closed interval [a, b], then f(z) have both a global maximum and a

global minimum value.

(D) f(z) is derivable on an open interval (a,b), and zg € (a,b) is a point of extreme value, namely,

f(z0) is a local maximum or minimum value with f'(zg) = OJ )Oﬁ—‘f b- [730

Answer: B ?UOZ‘O-\A' *lbx‘?)’ \_O, —|—4)7‘3 =0
) ()= 012h=3=0 %_O_SJO o)

10. Suppose f(z) = alnz + br? — 3z has extreme values at z = 1 and z = 2. Then the J:alues of a,b

)
ft9:%+4bb-0  4b= 2 b
(A)a=3,b=2 B)a=2,b=1 (C)a=—3, b= D)a=-2,b=—3
Answer: B
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%\)__‘ - la Advanced Mathematics (Module 1)
Lt —eEy 2

’L(V\LJ‘\) Section B: Gap-Filling Questions 85 4 V‘(,Cu" A
This section is worth a total of 25 marks, with each qugﬁthn worth 5 marks.

‘h vi +V\ > 4‘
U . -
11. Find the limit W2 COV\‘\ \ %’)CO \/\"’)CO " _\/

li L 2 ;3 L..4_" ’2
im e ——— | = .
nsoo\n2+1 n24+42 n2+3 n24+n

*Hint: try to use the sandwich theorem.

Solution.
1+2+---+n 1 2 3 n 1+24--+n
< <
nZ+n _n2+1+n2+2+n2+3+ +n2+n_ n2+1
1424 +n nietd) 1424 +n netl) g
and lim —— = lim 5 =—, lim ——— = lim = —,
n— o0 n4+n n—oo N4 +n 2’ n—oo n24+1 n—00 n2+1 2

By Sandwich Theorem,

I 1 n 2 n 3 n n n 1
im = —.
n—oo \ n2 + 1 n2t2 n2 43 n?+n 2

, X -O\x‘ox*'\o*\gx_g.

[

12. ff
lim =0, \) 7‘ “ =0
ZB*)OO
then ¢ and b are evaluated as a = b /
b \ t %
Solution. \
4 4 \

<(1 — a)m21_|_+(b— a)¥ + b) _o

2
lim ( T ar + b> =01i.e. lim
z—oo \ 1+ x T—00

So, the coefficients of 2% and x are both zero. a =1, b=1
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Version: Final Exam (Semester 1, Year 2023-2024)

13./If f(x) is derivable at = 0 and f’(0)

Solution.

\%For a function

compute the higher order derivative 3(2023) =

Solution.

(z cos2x)? =z (cos22)?"% + Clyqa’ - (cos 23)20%2 T (/L
=z - 22923 cos(2x + 2023 -

= - 22023 gin 22 — 2023 - 22022 o5 21

@iven

try to compute

Solution.

Advanced Mathematics (Module 1)

:th) Lo HX)= 1)

= 2, then ‘\
! M_J;L 1)
220 @_1_ : )(-)00 ‘—X
=k )
3 iR
(l‘m)s“‘ :,:\2’
A
f@) = f0) . f(x) = f(0) /
e
(ot &):Wﬁ}\’fﬂsmm L

ol

(2

ad

N

1+t
(1+1t)et

XL

= 26

Yy =T cos2z,

z C ;ﬁ 75 @327() \7/02))
75 (mlx] W)

54 Cm} (@bl’“

2}0 (2)(*' > T‘)

) 4 2023 - 22022 cos (2 + 2022 -

¥
s b8 )

4

)

\V\
(7 t belng a parameter t>0,

—a@@te

dy

)

t(HY) )6
/\g’/ I éﬁw
2 :12it UW) t/\’-

:E N JQ)

,o,,m(

(L+t)et

A

ﬁ“ﬁ“ o -

5{6
jﬁ@ /I//—f”@7 b 714 e
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Advanced Mathematics (Module 1)

Section C: Extended Answer Questions

This section is worth a total of 25 marks, with the marks of every question as shown

l}ym~ 'llm(m\)*smﬂw |
-4 Z‘Ti 4 ConlnKt Sk %

1
16./(7 marks) For a function éw = (
_ T . sinz l 1 J- . — 4 \m_l
/ < w+1> ' Y TR R Corln gt S
Y. X SN‘ \ | Y bourbit 144
_Z —_— - — X
d v } 2H) 7

Solution.

Taking logarithm on both sides, we get

1
Iny = §[lnm —In(zx +1)] +sinz-Inz

Differentiate with respect to  on both sides, we have

y 1.1 1 sinx
= =-[=-- | +coszlnz +
y 2x x+1 x
So,
dy x sinz (1.1 sinx
el A in 1
dx < x—l—l) “ {Q[x x+1]+cosx na }
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Advanced Mathematics (Module 1)

% marks) Compute the following limit: . ex \'
hme”—x—l "Q‘:}’j‘ - — :Ji

r—0 xsinzx A Z%

Solution.

er —xr—1 ef —xr—1
lim - = lim 5
x—0 rsinx x—0 xT
-1
. e
= lim
z—0 2x
. er
= lim —
z—0 2

Note: For Questions 18 & 19 below, select ONLY ONE to answer.

Wmarks) Given a sequence {ay}, with a; = 1 and an+1 = va, + 12, show

(a) lim a, exists;
n—oo

(b) Find the value of the limit lim a,.

n—o0

Solution. a1 =1 < 4, as = va; + 12 =+/13 < 4, and a; < as, so as = a1 + 12 < \Jas + 12 = as,

inductively, a, < any1, and if a, < 4, then a,11 = Va, +12 < V4+12 = 4. So the sequence

{a,} is monotonically increasing and bounded above. By MST,we know that lin} . exist. Say
n—in fty

lin} = A, taking limits on both sides with respect to a?H_l = a, +12, we get A2 = A+12. Solve
n—in fty

the equation , we get A=4or A=-3. Asa, >0,s%0 lim a, >0. A=4
n—0o0
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Advanced Mathematics (Module 1)

1) v

Gupport
19. marks) Use the concavity property to prove \ P
\/ ¥ () = 4t

8(z* &Fy‘te > (z +y)?, ¢ YV ‘75 Y. .
8,_@_‘3‘1—)-)\2‘;@— Hlyz ut \
27 2 Py s Conme U

S 7‘“‘.\_ Yy
Let f(t) =t* and f'(t) = 4t3, f” =12t > 0, so the curve f(t) is concave up, i.e. ~° —J‘P

Solution.

vty flx)+ fy)
Y < 1
That is
(.’E+y)4 :L'4+y4
2 2

Making transformation, we have

\EQA marks) Suppose f(x) has a continuous second order derivative over the interval [0,1], and
f(0) = f(1) = 2. Show that there exists at least one £ € (0,1) such that

o=y = 21(€) + ££(€) = 0.
|
- 3 pé&lo,) 1[(750)30

Solution.

Because f(0) = f(1) = 2, by Rolle’ Theorem, there exists a ¢ € (0,1) such that f’(§) = 0. Let
F(z) = 22f'(x), F(§) = 0 = F(0), F(x) satisfies three conditions on [0,d] of Rolle’ Theorem,
therefore there is a £ € (0,6) C (0, 1) such that F'(§) = 0. That is,

26f'(€) + 21" (€) =0

, as & # 0, cancel the common factor £, we have

2f' (&) +&f"(§) =0
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Advanced Mathematics (Module 1)

USEFUL FORMULAE

d
il - 0
dx
d
adipy T P
dzx i
—sinx = coST
dx
—cosx = —sinx
dx
—tanz = sec’x
dx
—cotx = —cscix
dx
—secx = secxtanx
dzx
—cscx = —cscxceotx
dzx
d X X
—a® = alna
dx
d X X
—et = e
dz
d 1 1
—log ©x =
dx Ba zlna
d | 1
—Inx = -
dz T
. 1
—arcsiny — ———
dx V1— 22
1
— arccosr — ——————
dx V1 — 72
‘ 1
— arctanx =
dx 14+ 22
—arccotr = ————
dz 1+ 2
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